
1 Background

Dir(x |α) =
1

B(α)

∏
i

xαi−1
i

B(α) =

∏
i Γ(αi)

Γ(
∑
i αi)

Define xβ =
∏
i x

βi

i . ∫
x

xβDir(x |α) dx

=
1

B(α)

∫
x

xβ
∏
i

xαi−1
i dx

=
1

B(α)

∫
x

∏
i

xαi+βi−1
i dx

=
B(α+ β)

B(α)

Γ(a+ 1)

Γ(a)
= a

2 LDA

Assume K topics, M documents and Nm words for document m. The words
are generated in the following way:

φk ∼ Dir(β) k = 1..K

θm ∼ Dir(α) m = 1..M

zmn ∼ Multi(θm) n = 1..Nm, m = 1..M

wmn ∼ Multi(φzmn) n = 1..Nm, m = 1..M

Pr[w, z, θ, φ |α, β] =

{∏
k

Pr[φk |β]

}∏
m

{
Pr[θm |α]

∏
n

(Pr[wmn|φ, zmn] Pr[zmn|θm])

}

Pr[zmn = k | θm] = θmk

Pr[wmn = t |φk, zmn = k] = φkt

Pr[wmn = t, zmn = k | θm, φ] = Pr[wmn = t |φk, zmn = k] Pr[zmn = t | θm] = φktθmk
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Pr[wm, zm | θm, φ] =
∏
k

{
θnmk

mk

∏
t

φnmkt

kt

}
where nmk is the number of words in document m that has topic k, and

nmkt is the number of words t that has topic k in document m. We have

nmk =
∑
t

nmkt.

Pr[w, z | θ, φ] =
∏
m

Pr[wm, zm|θm, φ] =
∏
m

∏
k

{
θnmk

mk

∏
t

φnmkt

kt

}

=

{∏
mk

θnmk

mk

}{∏
mkt

φnmkt

kt

}

=

{∏
mk

θnmk

mk

}{∏
kt

φnkt

kt

}

where
nkt =

∑
m

nmkt

that is, number of term t assigned to topic k across all documents.

Pr[w, z |α, β] =

∫
θ,φ

Pr[w, z, θ, φ |α, β] dθ dφ

=

∫
θ,φ

Pr[w, z | θ, φ] Pr[θ |α] Pr[φ |β] dθ dφ

=

∫
θ,φ

{∏
mk

θnmk

mk

}{∏
kt

φnkt

kt

}∏
m

Dir[θm |α]
∏
k

Dir[φk |β] dθ dφ

=

{∫
θ

∏
mk

θnmk

mk

∏
m

Dir[θm |α] dθ

}{∫
φ

∏
kt

φnkt

kt

∏
k

Dir[φk |β] dφ

}

=
∏
m

{∫
θm

∏
k

θnmk

mk Dir[θm |α] dθm

}∏
k

{∫
φk

∏
t

φnkt

kt Dir[φk |β] dφk

}

=
∏
m

B(nm + α)

B(α)

∏
k

B(nk + β)

B(β)

Pr[w, z |α, β] =
∏
m

∏
k Γ(nmk + α)

ΓK(α)

Γ(Kα)

Γ(
∑
k nmk +Kα)

∏
k

∏
t Γ(nkt + β)

ΓT (β)

Γ(Tβ)

Γ(
∑
t nkt + Tβ)
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Pr[wmn = t |α, β] =

∫
θm,φ,zmn=k

Pr[t, k, θm, φ |α, β] dθm dφ

=

∫
θm,φ,zmn=k

Pr[t, k | θm, φ] Pr[θm |α] Pr[φ |β] dθ dφ

=

∫
θ,φ,zmn=k

φktθmkDir[θm |α]Dir[φ |β] dθ dφ

=
∑

zmn=k

{∫
θm

θmkDir[θm |α] dθm

}{∫
φk

φktDir[φk |β] dφk

}
=

∑
zmn=k

B(ek + α)

B(α)

B(et + β)

B(β)

3 Gibbs Sampling

We already defined the follow two.

nmk = number of words in document m that has topic k.

ntk = number of term t assigned to topic k across all document.

We define the following two to be the same statistics without the term j of
document i taken into consideration.

n
\ij
mk n

\ij
kt

Define

nijmk = δ(m− i)δ(k − zij)
nijkt = δ(t− wij)δ(k − zij)

and we have
nmk = n

\ij
mk + nijmk ntk = n

\ij
kt + nijkt.
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Pr[zij = c | z \ zij , w]

=
Pr[zij = c, z \ zij , w]

Pr[z \ zij , w]

=
Pr[zij = c, z \ zij , w]

Pr[z \ zij , w \ wij ] Pr[wij ]
∝ Pr[zij = c, z \ zij , w]

Pr[z \ zij , w \ wij ]

=

{∏
m

B(n
\ij
m + nijm + α)

B(α)

∏
k

B(n
\ij
k + nijk + β)

B(β)

}
/

{∏
m

B(n
\ij
m + α)

B(α)

∏
k

B(n
\ij
k + β)

B(β)

}

=
∏
m

B(n
\ij
m + nijm + α)

B(n
\ij
m + α)

∏
k

B(n
\ij
k + nijk + β)

B(n
\ij
k + β)

=
B(n

\ij
i + niji + α)

B(n
\ij
i + α)

B(n
\ij
c + nijc + β)

B(n
\ij
c + β)

∝ B(n
\ij
i + niji + α)B(n

\ij
c + nijc + β)

B(n
\ij
c + β)

=

∏
k Γ[n

\ij
ik + δ(k − c) + αk]

Γ
{∑

k

[
n
\ij
ik + δ(k − c) + αk

]} ∏
t Γ[n

\ij
ct + δ(t− wij) + βt]

Γ
{∑

t

[
n
\ij
ct + δ(t− wij) + βt

]} Γ
{∑

t[n
\ij
ct + βt]

}
∏
t Γ[n

\ij
ct + βt]

=

∏
k Γ[n

\ij
ik + δ(k − c) + αk]

Γ
{∑

k

[
n
\ij
ik + δ(k − c) + αk

]} ∏t Γ[n
\ij
ct + δ(t− wij) + βt]∏
t Γ[n

\ij
ct + βt]

Γ
{∑

t[n
\ij
ct + βt]

}
Γ
{∑

t

[
n
\ij
ct + δ(t− wij) + βt

]}
∝ Γ(n

\ij
ic + 1 + αc)

Γ(n
\ij
ic + αc)

Γ(n
\ij
cwij + 1 + βwij

)

Γ(n
\ij
cwij + βwij

)

Γ
{∑

t[n
\ij
ct + βt]

}
Γ
{

1 +
∑
t

[
n
\ij
ct + βt

]}
=

(n
\ij
ic + αc)(n

\ij
cwij + βwij

)∑
t

[
n
\ij
ct + βt

]
=

(n
\ij
ic + αc)(n

\ij
cwij + βwij

)

n
\ij
c +

∑
t βt

where n
\ij
c is the total number of terms under topic c across all documents,

except for wij . Intuitively, topic c is more likely to be sampled if

• More words in the current documents are under topic c;

• More times the current word is assigned to topic c across all documents;

• Topic c is used less for all words.
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4 Parameter Estimation

Pr[θm|w, z, α]

∝ Pr[zm | θm] Pr[θm |α]

=

{∏
n

Pr[zmn | θm]

}
Pr[θm |α]

=

{∏
k

θnmk

mk

}
Pr[θm |α]

∼Dir(nm + α)

Pr[φk |w, z, β]

∝ Pr[w | z, φk] Pr[φk |β]

∝

{ ∏
mn:zmn=k

Pr[wmn |φk]

}
Pr[φk |β]

∝

{∏
t

φnkt

kt

}
Pr[φk |β]

∼Dir(nk + β)

5 Log-Likelihood
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